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TEOMETPUYECKUN M ®#UZNYECKUIA CMBICIT OYHKIINUNA
JTEVICTBUTEJIBHOM M KOMILJIEKCHOW ITEPEMEHHON

GEOMETRIC AND PHYSICAL MEANING
OF THE FUNCTION OF REAL AND COMPLEX VARIABLES

AHHOTAILJH . B cmamoe aHanusupyromes pasdiuinole nooxo0dsl 8 meopuu GyHKyuil
KOMNAEKCHOL NepemerHol K 8blA8]IeHII0 ee eeoMempuieckoeo cmoicaa. Paccmompero
pPasutHble MPAKMOBKU 2eOMEMPULECKO20 CMbICAA QYHKYULL 00OHOL KOMALEKCHOUL nepe-
MeHHOU. HCcnone3ys eeomempuuieckyro mpakmosKy QyYHKYUL KOMNIEKCHOU nepemerHoll
6 8ude omobpacerus 0OHOU KOMNACKCHOU Ha Opyayro 1 COOMBEMCMBYOULYIO AHAL02UIO
011 @yukyuu o0Hol OelicmeumenvHoll nepemenHoll, 8visi6aeH ee QU3ULecKUil CMbLCIL.
Ilocpedcmeom memoda ananoeuil 8via61eH MaKie Gusuueckull Cmolca QYHKYUU 00HOL
KomnaekcHol nepemerroil. Takum obpasom, npednosxcena urnmepnpemayus GuauiecKoeo
cmolena Pyrkyull deilcmeumenvHoll U KOMNAEKCHOL nepemenHoll, OCHOBAHHAS HA edu-
HOM nodxode K e20 (CMbICAQ) NOHUMAHUIO KAK 01sl yHKyuu OelicmeumenvHol, max
U 0N QYHKYUU KOMNIEKCHOU nepemerHol. B kauecmee KoauuecmseHHol oyeHKu amoao
ceoticmea pynkuuil ucnonvdyemcs Koaghuyuenm degopmayuu obracmu onpedenerus
QyHnkyuu 6 uccredyemoii mouxe, npedcmasasowuli coboll KoiuLecmeerry mepy uame-
HeHUs NJIOMHOCMU PABHOMEPHO pacnpedeseHHblx mouex npu 3a0aHHOM 0mobPaNeHIU.
B 3asucumocmu om euda deopmayuu (pacmsaxenue, cuamue) amom Kodpouyuernm
okaavieaemcs menouie 1160 bonviie eOurybL.

SUMMARY. This article analyzes the various approaches to the theory of functions
of a complex variable to identify its geometric meaning. Different interpretations
of the geometric meaning of the functions of a complex variable are considered. Using
a geometric interpretation of the function of a complex variable in the form of mapping
one complex to another and relevant analogy for extending the functions of one real
variable, its physical meaning is revealed. Physical meaning of the function of a complex
variable is identified by the method of analogies. Thus, the interpretation of the physical
meaning of the functions of real and complex variables, based on a common approach to
it (meaning) understanding as to the real function, and for the function of a complex
variable is proposed. The deformation coefficient domain of the function at the point
is used as a quantitative evaluation of the functions properties. It is a quantitative
measure of the change in the density of uniformly distributed points in the given map.
In accordance with the deformation pattern (tension, compression), this ratio is ether
less or higher than neutral element.
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Kak M3BecTHO, reOMeTpUYECKHH CMBICT (DYHKLUH OfIHOW NeHCTBUTENBHOH Mepe-
MeHHOH TpeficTaBsieT co60H ee rpacduk B IeKapTOBOH CHUCTeMe KOOpAWHAT. Jpyru-
MM CJIOBAMH, 3TO MHOMKECTBO TOYeK KOOPAMHATHOH MIOCKOCTH {(X,y)}, Takux,
yto xeX, xeY, rme X — o6gacTb ompeneneHus u Y — o6JgacTb 3HaYeHUH
paccmatpuBaeMoid GYHKUUH y = f(Xx), 4YTO KPAaTKO 3aMHUCBIBAETCS B BUJE
I'(y = fix)) = {x, y}x eX,ye Y} U n3o6pakaeTcs, B 001IeM CITydae, Kak COBOKYITHOCTb
KPHUBBIX M HM30JIUPOBAHHBIX TOUEK B JIEKAPTOBOM CHCTEMe KOOpAMHAT. [Ipu atom
rpacuk ¢pyHkuuu [(y) npencrasiser co60M LEeJbHBIE reOMeTpUUeCKUN 00pa3 (pyHK-
K y = f(x) B miIockocTu (XOY), CHHTe3WPYIOWUH H3MEeHEeHHe KOOpPAWHAT X U y
BHOJb ocett (OX) u (OY) COOTBETCTBEHHO U «OOBeAUHSS ITH IBe PA3PO3HEHHBIE OCH
B UMEIOLIEMCS Y HaC MpeACTaBJIeHNH MJIOCKOCTH .» [1; 232].

AHaJOTUYHBIH TOAXO/ K BBEISBJIEHHIO TeOMETPUYECKOTO CMBICTA (PYHKLMHU OHON
KOMITJIEKCHOHA TlepeMeHHOH HeBO3MOXKEH BBHIY ABYX IPHYMH, [ PACCMOTPEHHUT
KOTOPBIX HEOOXO0MUMO C(HOPMYJIUPOBATH TO ONpefiesieHUe TIOHITHS (PYHKIUU OJHON
KOMITJIEKCHOU TlepeMeHHOH, Ha KOTOpOe MBI OyJIEM CCBUTATbCS B JaJbHEHIIEM.

[TockosbKy Haulle AaJjbHeHllee HCCIeJOBAHHE OMHUPAeTCd Ha TeOPeTHKO-
MHOXKECTBEHHOe onpefiejieHHe (PYHKIUU OJHOHW KOMILJIEKCHOW MepeMeHHOU, TO MPH-
BEeJIEM OCHOBHBIE TTOHATHS TaKOTO MOAXOJA.

Ilog coomseemcmeuem MOHUMAETCS TIPOU3BOJBHOE MHOXKECTBO YIOPSAAOYEHHBIX
nap {(z,w)}, rne ze M =C, we N < C. 3ecb MHOKeCTBO M — 00J1aCTb Olpesie-
JIEHWS 3TOTO COOTBETCTBUS U N — ero o6sacTb 3HaueHUHd; C — MHOXKECTBO KOM-
MJIEKCHBIX YHCEI.

Onpedenenue. DyHKIKEH ONHON KOMILJIEKCHOH MTepeMEHHOH HA3bIBAETCS BCIKOE
OZIHO3HAUHOE COOTBETCTBHE.

Taxum 06pazom, (PyHKLHS OJHOU KOMIIIEKCHOH MlepeMEHHOH — 3TO MHOXKeCTBO
nap To4yex {z,w)z eM,weN } rne w= f(z). Y3 aTorO OmnpenesneHus ¢ HEOOXOIH-
MOCTBIO TaKXKe CJEeLYeT, YTO BCAKasg (PYHKIHS OLHOH KOMIIEKCHOH IepeMeHHOH
omnpefieJieHa, eCIH 3a/laHbl [IBe ee KOMIIOHEHTBl — 3aKOH (DYHKLHOHAJBbHOH 3aBHCH-
MOCTH U 06sacTh orpesesieHusi. OQHAKO TOYKH z(x,y) U w(u,v) TIpHHAATIEkKAT pas-
JIUUHBIM TIJIOCKOCTSIM (z) U (W) COOTBETCTBEHHO H, CJIe0BATEJbHO, HE MOTYT OBITh
CUHTE3UPOBAHB! B LIEJBbHBIN TeOMeTpUYecKHUi 00pas3, MOCKOJIbKY AJIS 3TOTO NMOTpebo-
BaJIOCh OBl YeThIpeXMepHOe MPOCTPAHCTBO TOUEK C KOOPAMHATAMH (x, ¥, z, w), HO 3TO
HEJIOCTYITHO B HAlllEM TPeXMePHOM MPOCTPaHCTBe. [103TOMy M3-3a OTCYTCTBHUS LieJib-
HOTO TeOMeTPHUYECKOro 06pasa PyHKUMH w = f(z) « .. HAM MIPUXOAUTCS JOBOJBCTBO-
BaTbCSl JByMS Pa3pO3HEHHBIMU MJIOCKOCTIMH XOY u UOV, npuuem Ha NepBOd U3
HUX H300pakaeTcs U3MeHeHHe He3aBUCHMOTO MEPEMEeHHOr0 z, a Ha BTOPOH — H3-
MeHeHHe 3aBUCHMOTO MepeMEHHOT0 W».

B HeKoTopbIX Cay4asx 0Ka3blBaeTcs MPOAYKTHBHBIM APYTOH CIIOCOO TeOMeTPUUECKOH
MHTepIpeTalyy GYHKIHUU OJHOH KOMIIEKCHOH MepeMeHHOH. B mpocTpaHcTBe n3006pa-
JKaeTcd MOBEPXHOCTh p = \ f(z)|, HaspIBaeMasi nogepxHOCMb0 MOOYASL UNN peabedom
GyHKUMH w = f(z). Ecim Ha 3T0H TOBEPXHOCTH HM300pa3UThb MHOXKECTBA YPOBHS
Arg f(z) = const, T0O UX HOCTaTOYHO I'yCTasl CeTKa MO3BOJSET COCTaBUTb AOCTATOYHO
TI0JIHOE TIpefICTaBJeHHEe 00 HU3MeHEeHHIX (PYHKUMU B MOJSIPHBIX KOOpAUHAaTax [2; 29].
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B cuny Toro, 4to z = x+iy, ¥ w = u(x, y) + iv(x, y), H3BeCTEH ellle OfHH CII0CO0
FeOMETPUYeCKON HILIIOCTPALMHU TTOHATHSI (PYHKUUH KOMILIEKCHOW TepeMeHHOH. [l
3TOTO B TPEXMEPHOM IPOCTPAHCTBE M300paXkaloT (B TIOBEPXHOCTH iU = u(X, V)
U 0 = v(X, y), KOTOpbIe U AAIOT TpefCcTaBaeHre 06 u3meHeHun GyHKIMHA f(z) [2; 27].
OnHako TmocJiefHe qBa MOAX0Aa K WITIOCTPALMY TeOMETPUUECKOTO CMBICTA (DYHKIIUH
KOMILJIEKCHOW MepeMeHHOH 0Ka3aJHuCh HeYI0OHEI, MOCKOJbKY C UX MOMOILBIO BCE XKe
OKa3bIBaeTCsl HEBO3MOKHBIM CO3/IaHHE CHHTE3UPOBAHHOTO (11eJbHOr0) 00pa3a (pyHK-
A w = f(z), XOT9 U 3TH 7ABa CIoco0a TeOMETPUYECKOH HJLTIOCTPalMKU (PYyHKIUH
w = f(z), C y4eToM TOSIBJIEHHS KOMIIBIOTEPHBIX CHCTeM Martematwku (KCM), B He-
KOTOPBIX KOHKPETHBIX CJy4asiX MOTYT OKa3aTbCS MOJIE3HBIMU B TIPOECCHOHATBHBIX
UCCJIeJOBAHUSAX. TpeTHil croco® TeoMeTpUYecKOH HHTeprpeTauud (yHKIMH KOM-
TIJIEKCHOU TepeMeHHON Tpenyoxun Xeddtep [3; 63]. OH cocToUT B TOM, 4TO 3a-
nucaB (YHKIUHUIO B TOKA3aTeabHOU hopme w = re’’, CTPOUTCS MOBEPXHOCTD © = (X, V),
HasbplBaeMasi IOBePXHOCTbIO MOoyJisl (pyHKIMK. M 3aTeM Ha Hel OTMeyaroTcst 3Have-
Hus 6. MIHOrma n3o6paxarT 6 KPUBBIMH HA TIOBEPXHOCTH 7 = 1(X, V).

OTMeTHM TaKKe, 4To CyllecTBYyeT U Apyroe uctosnkoBanue TOKII. B coorBeTcTBUM
C HUM «B 0oCHOBe aHaJUTHUYECKOH TeOpUH (DYHKUHUH JIEXUT He meopemuro-
MHONMECmBeHHOe TOJKOBaHNE (PYHKIMH KaK COOTBETCTBHS MeXAY 00bEKTaMH JIBYX
MHOXeCTB (KOMIJIEKCHBIMHM YMCJIAMH), a MAYIIEe OT KJIACCHKOB MaTeMaTH4eCcKOH
HayKu — B TepBYIO ouepenp oT JleoHapna dunepa — onepamusroe TOTKOBaHHE:
(hYHKIMS 3afaHa, eCid YKa3aHo, KaKhe MaTeMaTHUecKHe OTepaldy B KaKOM TIPS -
Ke HA/JIEXKUT BBHITIOJHUTh HAJ[ YHACJOBBIM 3HAUEHWEM HE3aBUCHUMOTO MEPEMEHHOTO,
YTOOBI TIOJMYYUTh COOTBETCTBYIOLIEE €My 3HaUeHHWe 3aBUCUMOTO NlepeMeHHOro» [4; 29].
U nanee: «...omepaTUBHOE ONpefieJieHre MOHATHS (PYHKIHUU He omeepeaem Te0peTHKO-
MHOKECTBEHHOTO U He CMOoum ¢ Hum 6 npomusopeduy: OHO ero JHIIb OrpaHuYH-
BaeT» [4; 29].

[To moBO#Y «OTEPATUBHOTO» TOJKOBAHUS (DYHKIMH, B HACTOSIIEE BpPeMsl Ha3bI-
BAeMOTr0O TeHEeTHUYECKHUM, U CCBUIKM Ha 3HAMeHHUTOro ydyenoro JI. Dilsepa, OTMeTHM,
yro «Hapsiny c moHsatuem (yHKIMH, KaK aHAJUTHYECKUM BbIpaXKeHHEM, DUJep BbI-
OBUHYJ U [pyroe, 6osee oOllee onpesiesieHHe ee KaK MO3JeMEHTHOTO COOTBETCTBHUS
MeXIy OBYMS UYHCJIOBBIMA MHOXKECTBaMH. Pa3ymeercs, Takoe MpeACTaBieHHE IO
CYILECTBY JIe’KaJjl0 B OCHOBE BCEX TEOPETUKO-MHOXKECTBEHHBIX PACCYXKAEHUH, U -
Jiepy He pa3 MPHUILIOCH MOJb30BAThCS UMEHHO 3THM MOHUMAHUEM, a He OTpefesie-
HUeM (YHKIMH KaK aHAJUTUYECKOTO BbIpaXKeHHs» [5; 84], Tak 4TO NpencTaBisTh
JI. Dfinepa kak y6exkKIeHHOrO CTOPOHHHKA OMepallMOHHOTO OIpefieSieHNs TOHSTHS
(bYHKIMH ONHOHM KOMIJIEKCHOH NepeMeHHOH Kak MUHUMYM HEKOPPEKTHO. BoJiee Toro,
3HAMEHHNTBbIE POCCUHCKHE MATEMATHKH, 1aXke B CBOMX paboTax MPUKJIaTHOTO Xapak-
Tepa ((u3uKa, TeXHUKA) MOAUEPKUBAIOT, UTO AJS 3a4aHUs (DYHKLUHUH HEOOXOAMMO
yKa3aTh IBe ee KOMIIOHEHTB — 00JIaCTh OTpeNeNieHUs U 3aKOH (DYHKIHOHATbHOH
3aBucuMocTH. Harpumep, B [6; 8] akamemuk M.A. JIaBpeHTbeB CaeiyIOMNM 006pa3om
BBOZIUT TOHSITHE (DYHKLMH KOMILJIEKCHOH NepeMeHHOH «IIycTb KaxkIoMy 3HaueHHIO
KOMILJIEKCHOTO 4YHCJa z = x+iy, TIpUHa[Jexalemy obaactd D, pacroJoKeHHOH
B Z-TIJIOCKOCTH, COOTBETCTBYeT 3HauyeHHe KOMILJIEKCHOTO YHCJIa W = u+iv. B 3TOM
cJIy4ae MBI CKaXKeM, 4TO W eCTb (DYHKUHS z, W = f(z); YMCJIO z Ha30BEM HE3aBUCHMBIM
TepeMeHHBIM, 00/1acTb D — 06s1acThio 3ananus f(z)». AHAJOTHUHO (DYHKIUS KOM-
TMIJIEKCHOW TlepeMeHHOH BBOAUTCS U B [7-10].
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[TousTre (PYHKUIMH TPOIILIO HECKOJBKO 3TATIOB CBOETO UCTOPHUUECKOTO PA3BUTHS
U CTaHOBJeHUS. Ecin peub uzieT 0 GyHKIUSAX IeHCTBUTENbHOHU MTEPEMEHHOH, TO TAKUX
aTanoB Tpu: 1) mpexacTaBieHue 0 (YHKIMOHAJIBHON 3aBUCHMOCTH KaK O TeOMETpPH-
YeCcKOU (PYHKIMU TOUKHU KPUBOH; 2) TTOHUMaHHUe (PYHKIHMH KaK 3aBUCHUMOCTH MEXXIY
HE3aBUCHMON U 3aBUCUMOH MepeMeHHbIMHU; 3) MOHUMaHHe (DYHKIMUK KaK OJHO3Hau-
HOTO COOTBETCTBUS MEXITY MHOXKeCTBaMW. [/ TOHATHS (DYHKIUHU KOMILIEKCHOH
MepeMeHHOM XapaKTepHBI JIMIIb BTOPOU W TPETHH ITAlbl €0 PA3BUTHUSI U CTAHOBJIE-
HUSL.

Taxum o6pa3om, orepallMOHHOE (UJIM TeHeTHYeCKoe) onpenesneHre QyHKIUA —
3TO BCETO JIMLIb UCTOPUYECKUH 3TaTll, MPeALIeCTBYIOMIHH TeOPETUKO-MHOXKECTBEHHOMY
ee onpenesennto. OMHAKO pasvine MEXIY STUMHU ONpPeieSIeHUSIMH UMEETCs U OHO
cyuiecTBeHHO. Ecai U3 OmepalroHHOTO MOHUMAaHUS (DYHKUMHU He CJeOyeT, YTo [JIs
ee 3amaHus TPeOYIOTCS IBe KOMIIOHEHTH — 00JIACTh OTpPe/ieSIeHNsT U 3aKOH (PyHK-
I[MOHAJIBHOHN 3aBUCHMOCTH (HEOOXOAMMO ellle OTpefiesieHre — OTpefiesieHHe PaBHbBIX
(DYHKIMH), TO U3 TEOPETHKO-MHOXKECTBEHHOTO €€ OTpefieJieHUust 3TO CJlefyeT C He-
00XOMUMOCTBIO. JIpYTHMH CJI0BaMH, OTlepalliOHHOE (TeHETHYECKOE ) TOHATHE (DYHKIMH
B HACTOsIIllee BpeMs y>Ke He COOTBETCTBYeT COBPEMEHHOH (TeOPETHKO-MHOKECTBEHHOH)
TeHJIEHIIUN PA3BUTHS MAaTEMATHKH.

[TomBoaS UTOT PA3NTUUHBIM TTOAXOIAM K TEOMETPUIECKON WILTIOCTPAIIMH (PYHKIIUH
OHOU KOMILJIEKCHOH MepeMeHHOH, MPUXOAUM K ONHO3HAYHOMY BBIBONY — LIEJIbHO-
r0 TEOMETPUYECKOro 06pa3a (PyHKIMOHAIBHON 3aBUCUMOCTH W = f(z) 10 0ObeKTUBHOU
MIpUYMHEe, OMMCaHHOM BBILIE, CO3/1aTh (CUHTE3UPOBATh) HEBO3MOXKHO.

[Toatomy nsig 6osee ryybOKOro TOHUMaHUS TIPUPOABI (PYHKLIHUH W = f(z) BEIIBUM
ee (PM3HUUECKUH CMBICJ, HE UMEIOIINH HUKAKOTO OTHOLIEHHUS K THIPOMEXaHHUECKOMY
HCTOJTKOBAHUIO aHAJTUTHUECKOH (DYHKIIWH, TIe IHPOKO UCIIOTb3YIOTCS arddepeHiu-
aJibHOe W uHTerpaJsibHoe ucuncaeHus TOKIL. s 3Toro pacCMOTPUM TeOMeTPUUECK YO
UHTEPIIPeTaLUI0 (PYHKLUNHU OHOHU JeHCTBUTEIbLHON TIepeMeHHOH y = f(x) aHAJOTMYHO
TOMY, KaK 3TO OOIIENPUHSTO MPU H3yYeHUU (DYHKUIUH KOMIIIEKCHOH TepeMeHHOH,
TO ecTb B BHJe 0TOOpaxeHHUs y = f(x) o0gacTu onpefeneHUs PYHKUMU (HEKOTOPOH
yact ocH (OX)) Ha ocb 00J1acTH 3Ha4eHUH QyHKIMH (OY). 119 3TOr0 pacnonoXum
ocu (OX) u (OY) B3auMHO TapaJJieIbHO U PACCMOTPUM, HATPUMeD, (DYHKIIUIO
y = f(x) = x2 ¢ o6macteio onpegenenus D(x)={0;1;2;3}, Ipu 9TOM HeCYIIECTBEHHO,
U3 KaKHX HMEHHO TOUeK COCTOMT MHOXKeCTBO D(x). BaxxHO, 4TOOBI 3TH TOUKH ObLIN
paBHOMEpHO pacripefieieHbl Ha 3TOH OCH, MpPeNcTaBids COo00H apudMeTHYecKylo
nporpeccuto. M3o6pa3um atu To4kH Ha ocH (OX) U COOTBETCTBYIOLIME UM TOUKH 00-
JacTH 3HaueHwit 910i dyHKuuK E(y) = {0;1;4;9} Ha ocu (OY) (puc. 1).

PaccmatpuBasi moJryumBIIeecs 0ToOpaXKeHHe MHOXKECTBA H30JTMPOBAHHBIX U PaB-
HOMEpHO pacripefiefieHHbIX Todek 1o och (OX) Ha ock (OY), BUAUM, UTO paBHOMEp-
HO pacrpefieJieHHble TOYKH TepBOH OCH OTOOpasuJMCh Ha BTOPoH ocu (ock (OY))
HepaBHOMepPHBIM 06pa3om. [1pu atom 06sacTh 3HaUeHUH (QYHKUHMM 3aHHMAeT B CO-
OTBETCTBUM C OTOOpaxkeHHeM y = f(x) = x? ocu (OY) y4acToK B TpU pa3a OOJBILIHH,
YyeM 00J1aCTh ompefiesieHusT GyHKIMU Ha ocH (OX). IIpyrHUMH CJIOBaMH, TOJNb3YSCh
(PU3UKO-TEOMETPUUECKON TEPMUHOJIOTHEH, UMeeM (aKT, COCTOSIIMHA B TOM, UTO
paBHOMEpHOe pacripefeseHHe To4ek Ha ocd (OX) orobpasunoch GyHKUHEH y = x2
B MeHee TJIOTHOe pacrpefieieHre ux o6pas3oB Ha ocu (OY).
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Puc. 1. Puc. 2.

OO6paTvM BHHMAaHHE Ha TO, UYTO ecJu Obl 00JaCTh OmnpefesneHust PYHKLIUU CO-
CTOSIJIa U3 PAaBHOMEDPHO pacrpefieleHHbIX Touek oTpe3ka [0;1], To mIoTHOCTb 06pa3oB
9THX TOYeK, HaobOpoT, yBennyujacb Obl. TakuMm o0pa3oM, uauueckuil CMBICT
(byHKUMH JeHCTBUTENBHOH TepeMeHHOH 3aKJI04aeTcsd B U3MEHEHWH NJA0MmHOCMmu
pacrnpenesieHus 3Ha4eHUH (GyHKUIUU Ha ocH (OY) Mo OTHOLIEHHUIO K UCXOAHON PaBHO-
MEepHOH MJOTHOCTH COOTBETCTBYIOLMX 3HAYeHUH ee aprymeHTa Ha ocu (OX). Benu-
YUHY 3TOr0 U3MEHEHHUS MOXXHO OLEHUTh MOCPEACTBOM KO3(pULMeHTa AehOpMaLUU

.1
ocu k = hmﬂ, rie A¢ — nnuna otpeska ocu (OX), ComepKalero paBHOMEPHO
Al—0

Al
pacrnpenenenHble Toukd; AL — pauHa obpasa 3toro otpeska Ha ocu (OY) mpu
O0TOOpaXKeHUH w = z2,

Bocmosnib3yemcst aHaJOTMYHBIM OAXOA0OM [1Ji5l BBISIBJIEHHS (PU3UYECKOTO CMBICJIA
(OYHKLUHHM KOMILIEKCHOH MepeMeHHOH. [IJisf 3TOro CpaBHUM MJIOTHOCTh PABHOMEPHO
pacrpefieleHHbIX TOYEK apryMeHTa z B IJIOCKOCTH () C TIOTHOCTBIO COOTBETCTBYIO-
MX UX 00pa30oB Ha MJIOCKOCTH (W) MpU 0TOOpaXKeHWH w = z2, 0ToOpakalolem, Ha-
MpUMEpP, MHOXeCTBO TOueK (00J1acTh OmpejeeHduss (DYHKIHMH) IMJIOCKOCTH (z)
M={(0:0),(L,0)(2,0).(3:01(O: (L2 1)3:1)§ L {(0:2),(1,2),(2:2),(3:2)(0:3)(1:3).(2:3)(3:3) }
Ha TJIOCKOCTb (w) (puc. 2). Kak BUIHO Ha pHC. 2, MJIOTHOCTb paclpefeseHus 00-
pa3oB ToYEK K3 00J1aCTH 3HAYeHUH PYHKUMH w = z? (TIOCKOCTh (W)) 3aMeTHO MEeHb-
1le TJOTHOCTA PABHOMEDHOTO paclpefesieHus] TO4eK 00JacTH OIpefieNleHUs 3TOH
byHKUMK (TI0CKOCTB (z)). [Ipu atom 06passl TOUEK OTOOPaKEHHUS w = z2 3aHUMAIOT
He TOJIbKO TIEPBYIO, HO ¥ BTOPYIO YETBEPTH IJIOCKOCTH (W). B 3TOM Takxke HETPYIHO
yOeAUTHCS, €CJIU MPENCTABUTh KOMILIEKCHOE YUCJIO Z B TI0KA3aTeJIbHOU (DOpMe z = re.
Torma w = z% = (re'*)? = r’e®¢, OTKyza BUAHO, YTO apryMmeHT 00pasa TOUKH YBEeJHUUH-
Baetcs B I1Ba pasa (y = 2¢) U, CJIef0BaTeNbHO, YaCTh 00PA30B TOUEK OKA3BIBAETCS BO
BTOPOH YeTBEPTH CHCTEMBI IeKapTOBOH CHCTEMBI KoopauHaT (UOV).

OLeHMM KOJIMUECTBEHHO M3MeHEeHHe IMJIOTHOCTH pacrpeeseHns: 06pa3oB TOYeK
TUIOCKOCTH (W), CPaBHUB ee C TUIOTHOCTbIO PABHOMEPHO pacrpeleseHHBIX TOUEK
B MJIOCKOCTH (z). TIJTOTHOCT PaBHOMEPHO pacCIpefieIeHHbIX TOUeK B TIOCKOCTH (z)

16

16
Py [LI0THOCTD pacripeieieHust 06pa3oB ATHX TOUEK B IIOCKOCTH (W) A, = AS
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rae AS — miolaap, OrpaHU4YeHHAs OCbIO ¢ ¥ BHELIHUMHU MYHKTUPHBIMU JIHHUSIMH,
2 2

. v v
TIPeICTaBJSIOIIUMHI COO0H iBe Tapabossl u# =9 — % u u=-9+— . Ilnomanp

KOHTypa AS, OrpaHHYeHHOTO 3THMH JUHUSIMH, HAUIEM, BBIUUCJIUB HHTErpal
18 2
AS =2 I 9-Y lav=216. Torpa, cooTBeTCTBYyIOIIEE 3HAUEHHE CpeHero Koahhu-
0
[IHeHTa M3MEHEHHS TUIOTHOCTH paclipefieeHns Touek K., = Put - (&), - L ,
"opy (AS)I 24
T.e. TUIOTHOCTh PABHOMEPHOTO pacIipeieJieHHs TOUeK 00JaCTH OMpPeNIeIeHUS B TOUKe
(0;0) nmpu orobpaxkeHun w = z? B coorBeTcTByMolleH Touke (0;0) miockocTu (w)
YMeHbIIUIACh B CpeaHeM B 24 pasa.
[TocKoMBKYy W3MeHeHHe TJIOTHOCTH paclipefieieHHus TOYeK IMPHU O0TOOpaXKeHUH
w = z2 BBIUHCJSETCS B TOuKe z = 0, T0 i 60Jiee TOUHOTO TIOJICUeTa CPeTHETO KO-
(bunreHTa U3MeHEHHS TIJIOTHOCTH PACTIpeiesIeHHs TOUeK B KauecTBe 00JIacTH Ompeie-

nenust BeiOepem MHOXecTBO M ={(0;0),(1;0),(2;0),(0;1),(1;1)(2;1)} L {(0;2),(1;2),(2:2)}.
(), 27

BBiMOJTHAB aHANOTHYHBIE MPEBIAYLIMM BHIYHCIEHNS, TONYIHM K , = -— = .
(AS), 128
Orciofa BUIHO, YTO KOJMYECTBO TOUEK B IJIOCKOCTH HE UMeeT 3HAaUeHHs, TIOCKOJIbKY
MX KOJIMYECTBO B MJIOCKOCTH () PaBHO KOJMYECTBY WX 00Pa3OB B MIOCKOCTH (w).
3pech BaXKHO TO, YTOOB B TIOCKOCTH (z) UX pacrpefeseHue OblJIO PAaBHOMEPHBIM.
Torma koa(phuLMeHT, XapaKTepU3yOUUA HU3MeHeHHe MJOTHOCTH paclpeieseHust
TOYeK 0TOOpaXKeHHOH 00J1aCTH B (PMKCHPOBAHHOM ee TouKe (nedopManys MI0CKOCTH)
MOKeT OBITb BBIYMCJEH KaK ITIpejes kzgg}) 1/(AS/As). B Halem mpumepe B TOuKe
(0;0) mnockocTH (z), BbIOpaB B Ka4eCTBe OKPECTHOCTH ITOM TOUYKH KBaApaT CO CTOPO-
HOM Ax =Ay=At, UMEEM Ag =(At)z. O6pa3om KBafipaTHOTO KOHTYpa B IJIOCKOCTU
(z) mpu oTOOpPAXKEHUH W = z*> OYZIET KOHTYP, aHAJIOTHYHBIH PACCMOTPEHHOMY (pHC. 2)
C BEpIIMHOH B TOYKE @; 2(At)z). Touku npsmMbIX x=0 U y =0 IUIOCKOCTH (z) OTO-
6passiTcd B COOTBETCTBYIOUIME MM TOYKH TMPSIMOH y =0 mIockocTH (w). [Ipsimblie

2
v

x=At U y=At oto0passrcs B napabonbl u = (Az [
(1) 4Ar)

u=—(Ar) +

2
v
2(Ar

Aty
Torma AS =2 J. (At)2 —ﬁ dU:§(At)4. OTcrona HaxomuM KO3(M(HIHEHT
0

nedpopmaLy MIOCKOCTH (z) B Touke (0;0) pu ee 0TOGpaxkeHHH (yHKIMeH w =z’

Ha TJIOCKOCTb (W): k = =oo. Tako#l pesysbrar B Touke (0;0) oObsacHAETCS

As—0 3

TEeM, UTO MIPH OTOOPAKEHHH W=z TLIOTHOCTb 06Pa30B TOUEK HEOTPAHHYEHHO YMEHb-
IAeTCs 332 CUET HEOTPAHWUEHHOTO YMEHbIIEHUS 3aHUMAeMOH UMH TIJIOIAMIH.
B Gousiee obmiem caydae KoahUUHEHT nedopMalUK TJIOCKOCTH A (DYHKLIHUH

w=z> MOXeT ObITh PacCUUTaH CJAETYIONMM 06pa3oM. BeiGepeM B IMJIOCKOCTH (z)
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IPOU3BOJIbHO (PUKCHPOBAHHYIO TOUKY Z, = X,+iy, ¥ HEKOTOPYIO €€ MPSIMOYTONbHYIO
OKPecTHOCTh (CM. puc. 3) B BUzie KoHTypa (ABCD), KoTopbiii (DyHKLMS W=z’ OTo-

Opaxaer Ha KOHTYp (A,B,C,D,). Obnactb, orpanudeHHas KoHTypom (ABCD), oto-

Opaxkaercsl Ha 00J1aCTh, OrpaHHYeHHYI0 KOHTYpom (A B C D).

V A 3 A (Wl
D C
D B,
A B 4
;’ u
Puc. 3 Puc. 4

@®opMy OKDPeCTHOCTH (DUKCHPOBAHHOH TOYKM MOXKHO BBIOMPATh ITPOM3BOJIBHO,
MOCKOJIbKY KO3(PQUIMEHT ehOPMAIIHH TIJIOCKOCTH He 3aBUCHT OT BHJ]A OKPECTHOCTH

3TOH TOUKH TJIOCKOCTH (z) . B Hamem ciydae 3BeHbs1 KOHTYpa (ABCD) cieayomum
o0pasom 0TOOpasUIKCh B 3BeHbd KoHTYpa (A,B,C D))

2
(4B):y =y, >u= 4U s =i (4B,),

Yo
. 2 UZ .
(BC):x=x, + Av— u=(x, + Ax) _4(x0-|-Ax)2:(BlCl)’
2
, v ,
(CD):y =y, + Av>u :4(y0+—Ay)2_(y0 +Av) (¢ D)),

2
(DA):x = x, >u=x; — :—2 (D,A) .
xO

ITpu aTOM XapakTepHble TOYKH (OOIIHE TOUKH MOCJeN0BaTeNbHBIX 3BEHBEB JIO-
MaHOH) 0TOOPaXKaloTCs CAEAYIOUMM 06pPa30M:

A(xmyo)_) A1(x§ - y§>2x0yo)>
B(x, + Ax, 3, )= By{(x, + Ax) = 2.2(x, +Ax)y, ).
C(x, + Ax.yy + Ar) = Cy{(x, + Ax) = (v, +Av)%.2(x, + Ax)y, + Ay))

D(xy. 30 + &) = Dy (62 = (g + Ap).2x, (v, + AY)).

OUSHKO-MATEMATHYECKHE HAYKH. HUHDOPMATHKA
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Bbruucium Ko3(puiikeHT 1eopMaliii IOCKOCTH (Z) TPH OTOGPaXKEeHHH w=z°,
Hanpumep, B Touke A(1;1) . BeibpaB Ax = Ay = A¢, NOIy4UM CJeyIOlHe oToOpaxKe-
HUS 3BeHbeB JJoMaHOH (ABCD) U XapaKTepHBIX TOYeK:

q

(AB):y:l—Hl:UI—l:(AlBI),

2
2 19

2 _(BC).
41+ Ay (BC)

(BC): x=1+At—u=(1+Ar)

(CD):v=y, + Asu=—""—(1+ M) (CD,),

41+ Ar)

(I)A):x =x,>u=1- % ([)1141)-

A(L:1)—> 4,(0:2) . B(L+ Ar.1)— B (A2 + Ar).2(1+ Ar)),

2

C(1+ A1+ A)—>C(0.2(1+ A ). DL+ A D, (= A2 + A7).2(1 + Ar)).

COOTBETCTBEHHO, BEJTMUHNHBI 0TOOpaXKaeMOH TIIOIIAAN U TLIOIIAAL ee o6pasa He-
TPYIHO BBIUYHCJHUTE:

AS=AX-Ay=AI2;

2(1+Ar) UZ 2(1+Ar P Uz
AS=2 j (7—1}10 + | [(1+Ar)2 = —)z}du=

2(1+Ar) 4(1 + At

5

:S(Aﬁ—r)_‘[3+31+(m)z].

CuenoBatesibHO, KO3(hpHLIMEHT nedopMaliu MIOCKOCTH B Touke (1;1) mpu oTo-
OpaxkKeHHH W=z’ paBeH:

b= I 1 1
= AS 8 8
ELI})E gir})gé +3At + (At)z)

ITOT pe3yJbTaT 03HAYaeT, 4To B TOUKe (1;1) mnockocTe npu otodparkeHUH w= f(z)
MOABEPIIach BOCBbMHUKPATHOH JedpopMally pacTskeHus. JpyrHMH CJIOBaMH, eCJH
OKPeCTHOCTb TOYKH (1;1) MIOCKOCTH (z) COmEpKUT 06J1aCTh PABHOMEPHOTO pacrpese-
JieHns1 Touek (TIOCTOSIHHAS TJIOTHOCTB), TO IJIOTHOCTb PacrpefiesieHus] To4eK B 00-
pase ato# ToukH (0;2) MIOCKOCTH (W) yMeHbLIAeTCs B 8 pas.

Ecnu peub uger 06 0ToOOpakKeHUH JUHHUH, TO KOIPPUIMEHT AeopMaldu ILIO-
CKOCTH B KaXXIOHW TOYKe 0Opasa JIMHUK PACCUUTHIBAETCS TIO TOH Ke (popMmyJie, uTo

. . . . .1
U 179 (PYHKUMKU OfHOU JNeUCTBUTEJNBHOU MepeMeHHOU k = l}rr}) AL rme AV u AL
Al—>

Al
— JIMHBI JUHUH B TIIOCKOCTSX (z) U (W) COOTBETCTBEHHO.
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Taxkum 00pasom, IPUXOIUM K CJEAYIOUIMM BEIBOLAM:

1. ®usndeckuit CMBICT (GDYHKLIHUH OJHOH EeHCTBUTENBHON MlepeMEeHHOH 3aKJIo4a-
eTCS B U3MEHEHHUH IIJIOTHOCTH PAaBHOMEPHOTO pacrpefiesieHHs Todek ocH (OX) mpu
ux oToOpaxeHun y = f(x).

2. BeJMuuHy 3TOrO0 U3MEHEHHUS! MOXKHO OLEHUTb MOCPeACTBOM KO3(dulreHTa

1
nedpopmatmn ocu k = lim —=- VAL ,tne Al — nmuna orpeska ocu (OX), comeprKaniero

Al
paBHOMepHO pacrpefenentsie Toukd; AL — nnuna orpeska ocu (OY), comeprxalie-
ro o6pasbl ITUX TOUEK.

3. OyHKUNH KOMILJIEKCHOH MTepeMeHHON UMEIOT (PU3HUECKUH CMBICJ, 3aKJII0Ualo-
IIHECS B TOM, YTO IIPU OTOOPaXKEHHH W= f(z) KaXKIOH TOUKe Z, ILJIOCKOCTH (z) ee
o6pa3y Tipu oToOpaxkeHHH w, = f (zo) COOTBETCTBYET KO3(HUIMEHT Aedopmaiun
TIJIOCKOCTH.

4. BennunHa KoadduireHTa neoOpMaIiy MIOCKOCTH 3aBUCHUT JIUIIb OT KOOPIH-
HaT o6pasa TOUKH WU OToOpakawlled (QYHKUUM W= f(Z) W pPACCUUTHIBAETCS TIO
bopmye k= hm 1/ (AS/As), rre (As) — muromwazp, orpaHHYEHHAS KOHTYPOM C PaB-
HOMEPHO PaCITPeleIeHHBIMH TOYKAME; (AS) — muromanp 06pasa o6racTH Ha IUI0-
ckocti (w).

KoadduimeHnT nedopmaiyiv MIOCKOCTH B KaXKIOH ToukKe 06pasa JMHUH PacCuH-
TBIBAETCS TI0 TOH e (hopMyJie, UTO U I (DYHKIMHA OOHOU IEeUCTBUTEJNBHOH Tiepe-

1 .
MEHHOH k—hm rne Al w AL — puvHbl JuHME B TIOCKOCTAX (z) B (w)
(-0 AL
Af
COOTBETCTBEHHO.
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